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The first three parts of a theorem of Effros have been crucial to recent investigations in continua 
theory. The purpose of this paper is to examine some other parts of this theorem and apply them 
to continua theory as well. 
Here is one such application. A Bore1 transversal to the composants of an indecomposable 
continuum X is a Bore1 subset B of X such that B intersects each composant of X in exactly 
one point. It has been unknown for any indecomposable continuum whether or not it has a Bore1 
transversal to its composants. In this paper it is shown that solenoids and Knaster continua do 
not have Bore1 transversals to their composants. 
AMS(MOS) Subj. Class.: Primary 54F20; Secondary 28C15 
Let (G, X) be a polonais transformation group. For each x in X, let G, be the 
stabilizer subgroup of x in G. If G/G, denotes the left coset space with the usual 
topology, then the map p : G/G, + Gx of the coset space onto the orbit defined by 
p(gG,) = gx is always one-to-one and continuous. When is it a homeomorphism? 
Effros [7] has proved a beautiful theorem that supplies answers to this question. 
Effros Theorem. Let (G, X) be a polonais transformation group. The following are 
equivalent: 
(1) For each x in X, the map p : G/G, + Gx is a homeomorphism. 
(2) Each orbit is of second category in itself 
(3) Each orbit is G6 in X. 
(4) The orbit space X/G is TO. 
If X is a continuum, and if H(X) is its homeomorphism group with the compact- 
open topology, then (H(X), X) is a polonais transformation group. If X is 
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homogeneous, then condition (3) is satisfied trivially, and hence (1) always holds. 
This leads quickly to the following corollary: 
Corollary. If X is a homogeneous continuum and E > 0, then there exists a 6 > 0 such 
that for any two points x and y of X with d(x, y) < 6, there exists a homeomorphism 
h :X+X such that h moves no point more than e and h(x) = y. 
This corollary has served as the springboard to relaunch the study of homogeneous 
continua. First used by Jones [lo] and Hagopian [9], it has proved so useful that 
sometimes one forgets the original Effros Theorem. 
Recently, however, Judy Kennedy and the author [ 151 have used the equivalence 
of (l), (2), and (3) as part of a technique to show that certain continua have 
uncountably many orbits. Ungar [23], the first to use the Effros Theorem to study 
homogeneous continua, needed the theorem itself rather than the weaker corollary. 
Hence it is good to remember that the Effros Theorem can be used to advantage in 
situations where the corollary does not apply. 
The purpose of this paper is to examine more of the Effros Theorem, for under 
the hypothesis that the equivalence relation determined by orbits is an F, subset 
of X x X, there are ten more conditions each of which is equivalent to the previous 
four conditions [6]. We direct our attention to four of these in this paper, and we 
retain the original numeration of [6] and [7] to facilitate references. 
Effros Theorem (continued). If the equivalence relation R determined by orbits is an 
F, subset of X x X, then each of the following is equivalent to (1): 
(7) The Bore1 structure on Xl G is countably separated. 
(9) X has no nontrivial ergodic measure. 
(12) 7’he quotient map n : X + Xl G has a Bore1 transversal. 
(13) The quotient map T : X + Xl G has a Bore1 cross-section. 
We consider the particular case of a polonais group G acting on an indecompos- 
able continuum X in such a way that the orbits are precisely the composants of X. 
First we show that in this case that the equivalence relation R is always an F, subset 
of X x X. Second, we observe that condition (4) is never satisfied in this situation, 
for X/G has the trivial topology. 
Hence we need only find a polonais group acting appropriately on the continuum 
X to conclude that none of the Effros conditions hold. The group G of all 
homeomorphisms of X that fix (as a set) each composant of X is normal in H(X); 
it is not known when G or an appropriate closed subgroup of G can act on a 
continuum X so that the orbits of this action are exactly the composants. 
Third, we interpret these conditions in terms of the continuum X and without 
mention of the action of G. For instance, condition (12) is equivalent to the statement 
that (12~) there exists a Bore1 subset B of X such that B intersects each composant 
of X in exactly one point. In this guise, this property has been investigated in [17] 
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and [4]. It has been an unsolved problem whether any indecomposable continuum 
has this property. We show in this paper that solenoids and Knaster continua do 
not have this property. 
Again, condition (9) is equivalent to the statement that (SC) there does not exist 
a nontrivial Bore1 measure p on X such that 
(a) p (composant) = 0, and 
(b) if the measurable set S is the union of some composants of X, then either 
p(S)=0 or p(X-S)=O. 
Oxtoby [ 181 has pointed out the ‘duality’ between measure and category. Although 
condition (SC) appears to be new, its category dual for (Baire sets) was investigated 
by Kuratowski over 50 years ago. More details of this duality appear in Section 7. 
Stripped of the action of G, these conditions are meaningful for any indecompos- 
able continuum X, and one asks 
(a) Which of these conditions is true for X? 
(b) Which of these conditions implies another? 
(c) What sort of maps preserve these properties or the lack of them? 
Some answers are given in Sections 5 and 6. In particular, results of Section 5 
together with proofs from [7] show that (12c)e (~~c)J(~c)J(~c), for any indecom- 
posable continuum. 
One strategy is to use the group action to break into the realm of indecomposable 
continua and then to use available theorems, such as maps from one continuum to 
another, to conclude the same results about continua for which a group action is 
not so apparent or perhaps even nonexistent. 
Here is a concrete example. Find an action of [w on a solenoid X such that the 
orbits of this R-action are precisely the composants of X. It follows that none of 
the Effros conditions hold for X. In particular, there exists a nontrivial ergodic 
measure on X (in fact, Haar measure is one such measure). 
We then consider a Knaster continuum K, which we may regard as the quotient 
space of Z,-action on a solenoid S. Hence there exists an open, irreducible map h 
of S onto K that is at most two-to-one. We prove that such maps preserve the 
property of having a nontrivial ergodic measure on composants. Hence the Knaster 
continuum K satisfies none of the four Effros conditions. 
It should be noted that in this example G is locally compact. In general, however, 
one needs to consider polonais groups; for instance, the homeomorphism group 
H(X) of a homogeneous continuum is locally compact only when X is a point [ 191. 
We adopt the notations and definitions of [6] and [7], some of which we reproduce 
in the next section for the benefit of the reader. 
2. Background 
A continuum is a compact, connected, nonvoid metric space. A map is a continuous 
function. 
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A Bore1 structure 93 on a set E is a o-algebra of subsets of E. The set E together 
with a Bore1 structure 9 on E is called a Bore2 space. An element in 8 is called a 
Bore1 set. If there exists a countable subfamily P& of 9 such that for any two points 
of E there exists a set in CB3, containing one and not the other, then (E, 93) is 
countably separated. 
A function f from the Bore1 space El to the Bore1 space E2 is a Bore1 function 
if f’( B) is Bore1 in El whenever B is Bore1 in E2. The composition of two Bore1 
function is obviously a Bore1 function. 
If E. is a separable metric space, then we always assume the Bore1 structure on 
E is the a-algebra generated by the open sets of E. Thus a map between separable 
metric spaces is always a Bore1 function. 
A transformation group (G, X) is a topological group G together with a topological 
space X and a map (g, x) + gx of G x X into X such that (gh)x = g(hx), and if e 
in the identity of G, then ex = x, for all g, h in G and x in X. If both G and X are 
separable and metrizable by a complete metric, then (G, X) is polonais. 
For x in X, the stabilizer subgroup G, of x in G is the set of all g in G such that 
gx = x. The set Gx is the orbit of x, and the collection X/G of all such sets with 
the quotient topology is the orbit space. The quotient map r of X onto X/G is 
given by r(x) = Gx. 
Each transformation group (G, X) determines an equivalence relation R = X x X 
defined by 
R = {(x, y) E X x X: y = g(x), for some g in G}. 
A subset of a continuum is said to be an F, if it is the countable union of closed 
subsets, and a K, if it is the countable union of compact subsets. Obviously a K, 
is an F,. 
If R is an F, subset of Xx X, then all the. conditions of the Effros Theorem 
stated in the introduction are equivalent [6]. If both G and X are locally compact, 
then R is always an F, [6]. 
Let f: X + Y be a Bore1 function. A subset T of X is called a transversal for f 
if T meets each set f’(y) in exactly one point. If, in addition, T is a Bore1 set of 
X, then T is called a Bore1 transversal. 
A cross-section s for f is a function s : Y -+ X such that f 0 s is the identity function 
on Y. If, in addition, s is a Bore1 function, then s is called a Bore1 cross-section. 
We refer the reader to [7, pp. 41-421 for further definitions. Some of these 
definitions are interpeted in the next section. 
3. F, Relations on indecomposable continua 
A continuum is indecomposable if it is not the union of two of its proper 
subcontinua. If p is a point of a continuum X, the p-composant of X is the set of 
all proper subcontinua of X containing p. Each indecomposable continuum contains 
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c disjoint composants. Each composant of an indecomposable continuum is a dense 
F, subset of X [14]. 
The first goal of this section is to show certain equivalence relations on an 
indecomposable continuum X are F, subsets of X xX. 
Theorem 3.1. Let z be a point of the indecomposable continuum X Define an equivalence 
relation R on X - {z} by xRy zf and only if x and y belong to some subcontinuum of 
X-(z). Then R is a K, subset of (X-{z})x({X-{z}). 
Proof. Let {Qi} be a decreasing sequence of open neighborhoods of z whose 
intersection is {z}. Let 
E = {(x, y) E R: x and y belong to some subcontinuum of X - Qi}e 
We will be done if we show each Fi is compact because R = IJ &. 
TO show Fi is compact, let { (pj, qj)} be a sequence of points of Fi converging to 
the point (p, q) of X x X. Let Kj be a subcontinuum of X - Qi containing pi and 
qj. Then lim sup Kj is a subcontinuum of X - 0i containing p and q. Hence (p, q) 
is a point of Fi. •i 
Corollary 3.2. Let R c X x X be the subset of X x X de$ned in Theorem 1. Then 
R u {(z, z)} is a K, subset of X x X. 
Theorem 3.3. Let X be a indecomposable continuum. Dejne an equivalence relation 
R on X by xRy if and only if x and y belong to the same composant of X. Then R is 
and K, subset of X x X. 
Proof. Choose points z and z’ in different composants of X. Define Fi and Fi as 
in Theorem 1. Then F = (IJ Fi) u (IJ Fi) is a K, subset of X x X, and 
F = {(x, y): x and y belong to either a subcontinuum of X - {z} or X -{z’}}. 
Hence F = R. 0 
It follows from Theorem 3.3 that if8 polonais group G acts on an indecomposable 
continuum X in such a way that the orbits are the composants of X, then none of 
the Effros properties hold; for (4) ca&ot hold because X/G has the trivial topology. 
Conditions (7) (9), (12), and (13) may be stated in this situation without mention 
of the group G, and we do this next. 
A Bore1 p on an indecomposable continuum X is said to be ergodic with respect 
to composants if for each measurable set S that is the union of some composants 
of X, either p(S) = 0 or p(X - S) = 0. It is nontrivially ergodic if, in addition, 
~(each composant) = 0. If X has no nontrivial ergodic measures with respect to 
composants, then we shall say X satisfies condition (SC). Hence if the group G acts 
as above, then (9) and (SC) are the same condition. 
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A Bore1 transversal to the composants of the indecomposable continuum X is a 
Bore1 subset B of X such that B has exactly one point in common with each 
composant. If X has a Bore1 transversal to its composants, we shall say X satisfies 
condition (12~). 
The composants of an indecomposable continuum X are countably separated if 
there exists a countable family Y of Bore1 sets such that (1) each S in 9 is the 
union of some composants of X, and (2) for any two composants of X, there is a 
member of S containing one but not the other. In this case we shall say X satisfies 
condition (7~). 
If X/C is the quotient space formed from the indecomposable continuum X by 
shrinking each composant of X to a point, then let r : X + X/C denote the quotient 
map. The quotient Bore1 structure on X/C consists of all subsets T of X/C such 
that K’( T) is Bore1 in X. Giving X/C the quotient Bore1 structure, we shall speak 
of condition (13~): The quotient map m has a Bore1 cross-section. This will be 
discussed further in Section 5. Note that points in X/C are Borel. 
We shall show in Section 5 that condition (12~) is equivalent to (13~). It follows 
from the proofs in [6] that (13c)~(7c)=$(9c). In particular, an indecomposable 
continuum that has a nontrivial ergodic measure on composants satisfies none of 
the above conditions. 
Question 3.4. Is there an indecomposable continuum that satisfies one of the condi- 
tions (7c), (SC), (12c), and (13c)? 
Question 3.5. Does (9c)3(7c)? 
Question 3.6. Does (7c)a(13c)? 
4. Solenoids 
IfP=(p,,p,,...) is a sequence of positive integers greater than one, the P-adic 
solenoid S is the limit of the inverse sequence in which each factor space is S’ and 
the bonding map fiC1 : S’ + S’ is defined by f:“(z) = zpn. If f: S + S’ is the projec- 
tion of S onto the first factor space S’, then the kernel off is a group G called the 
P-adic integers. The topological group G is an abelian group whose underlying 
space is homeomorphic to the Cantor set. Since G has a local cross-section in S, it 
follows that S is a fiber bundle over S’ = S/G relative to the projection f which 
assigns to each b the coset bG. The fiber of the bundle is G and the group is G 
acting on the fiber by left translations. 
Let 8 : (R, * ) + (S' , * ) be the universal covering group of S’ (here * denotes the 
identity of the appropriate group). The morphism 0 lifts to a morphism g: (R, * ) + 
(S, * ) of topological groups and determines a dense one-parameter subgroup e”(R) 
of s. 
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Each solenoid S is an indecomposable continuum. Each proper nondegenerate 
subcontinuum of S is an arc; hence the composants of S are the arc components 
of S. The composant of the identity of S, for instance, is B(R), and the other 
composants are cosets. 
Hence there is a natural, locally compact transformation group (W, S) whose 
orbits are the composants of S. Therefore, none of the Effros conditions are satisfied. 
In particular, we have the following: 
Theorem 4.1. There does not exist a Bore1 transversal to the composants of a solenoid. 
Each solenoid admits a nontrivial ergodic measure on composants. 
In fact, Haar measure is such a measure, as is shown next. This proof was pointed 
out to the author by John Liukkonen. 
Theorem 4.2. Haar measure EL on a solenoid S is an ergodic measure on composants. 
Proof. Since Haar measure is invariant under translation and since there exist 
infinitely many composants, it follows that p(composant) = 0. 
Let m be a measurable subset of S which is the union of some composants of S, 
and suppose p(m) > 0. Let v = pi,,, be the measure on S obtained by restricting P. 
Then Y is invariant under the action of R. It follows easily that v is invariant under 
S. Hence, by the uniqueness of Haar measure, v = cp, for some number c 3 0. Since 
it follows that c = 1 and v = p. Hence 
p(m)=v(m)=v(S)=p(S)=l. 0 
5. Composant saturations 
If B is a subset of an indecomposable continium X, then the composant saturation 
of B is the union of all the composants of X that contain a point of B. 
A subset A of a complete metric space is analytic if there exists a Bore1 subset 
B of a complete metric space and a Bore1 function f: B + A of B onto A. The 
product and the intersection of two analytic sets are again analytic. If a continuum 
is expressed as the union of two disjoint analytic sets, then these sets are in fact 
Bore1 [13, p. 4851. 
Theorem 5.1. If B is an analytic subset of an indecomposable continuum X, then the 
composant saturation of B is also analytic. If B is a Bore1 set of X that meets each 
composant of X in at most one point, then the composant saturation of B is Borel. 
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Proof. Let R = {(x, y): x and y belong to the same composant of X}. By Theorem 
3.3, R is an F, subset of X2. Let r2: X2+ X be the projection of X2 onto the 
second factor. If B is an analytic subset of X, then (B x X) n R is an analytic subset 
of X2, and hence r2[(Bx X)n R] is an analytic subset of X. This set is the 
composant saturation of B. 
If B is a Bore1 set of X, then (B x X) n R is a Bore1 set in X2. If B meets each 
composant of X in at most one point, then the restriction of 7r2 to (B x X) n R is 
an injective map of the Bore1 set (B x X) n R onto the composant saturation of B. 
It follows from [ 13, p. 4871 that the composant saturation of B is Bore1 in X. I? 
The next theorem is a special case of [l, Prop. 2.121. 
Theorem 5.2. Let X/C be the quotient space formed from the indecomposable con- 
tinuum X by shrinking each composant to a point. Let n : X + Xl C denote the quotient 
map, and give X/C the quotient Bore1 structure. Then n has a Bore1 cross-section if 
and only if there exists an analytic transversal to the composants of X. 
Proof. If s is a Bore1 cross section for V, then s 0 n(X) is an analytic transversal to 
the composants of X. 
If T is an analytic transversal to the composants of X, let s :X/C + X be the 
associated cross section. We must show s-‘(B) is Bore1 whenever B is Bore1 in X. 
The set s-‘(B) = n( B n T) is Bore1 precisely when 6’( r( B n T)) is Borel. Since 
the latter set is the composant saturation of B n T, the previous theorem implies it 
is analytic in X. Similarly 6i( n((X - B) n T)) is analytic in X. Since X is the 
union of these two disjoint sets, each of them is Borel. Hence s is a Bore1 cross 
section. 0 
Dan Mauldin has pointed out to the author that an analytic transversal to the 
composants of X must be a Bore1 transversal. This follows from a theorem of Saint 
Raymond [22], namely that a Bore1 function with K, point inverses from a continuum 
into a continuum has a Bore1 set as its image. Hence we have the following theorem. 
Theorem 5.3. There exists a Bore1 transversal to the composants of X if and only if n 
has a Bore1 cross section. 
Remark. Howard Cook [4] has shown that no indecomposable continuum has an 
F, transversal to its composants, and that every indecomposable continuum has a 
connected transversal to its composants [3]. 
6. Preserving Effros conditions under functions 
For each of these properties, one can investigate hypotheses on a function that 
imply an Effros condition or the lack of it is preserved. In this section we give 
samples of such theorems. 
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Theorem 6.1. Let f: X -+ Y be a Bore1 surjection between indecomposable continua. If 
X has a nontrivial ergodic measure p on its composants, and if the inverse image of 
each composant of Y is the union of a countable number of composants of X, then Y 
also has a nontrivial ergodic measure on its composants. 
Proof. The measure y on X defined by y(S) = p(f’( S)) is the desired ergodic 
measure. 0 
A Knaster continuum K is an inverse limit of arcs with the bondings maps being 
open maps. Two Knaster continua are pictured in [14, p. 2051. Knaster continua 
are regarded as the simplest indecomposable continua. If X is an indecomposable 
continuum, then X can be mapped onto any Knaster continuum [21]. There are 
uncountably many nonhomeomorphic Knaster continua ([ 241 and [ 51). 
Corollary 6.2. Each Knaster continuum has a nontrivial ergodic measure on its 
composants. Hence it satis$es none of the conditions (7c), (SC), (12c), or (13~). 
Proof. Rogers [21] has shown that each Knaster continuum K is the continuous 
image of a solenoid S under a map such that the inverse image of a composant of 
K is either one or two composants of S. 0 
Let f: X + Y be a surjective map between continua. The map f is irreducible if 
the image of each proper subcontinuum of X is a proper subcontinuum of Y. The 
map f is monotone if the inverse image of each subcontinuum of Y is a Subcontinuum 
of X. The map f is confluent if, for each proper subcontinuum K of Y and each 
component i of f’(K), we have f(k) = K. All monotone and all open maps are 
confluent. 
Theorem 6.3. Let f : X + Y be a confluent, irreducible, surjective map between indecom- 
posable continua such that the number of components of eachJiber f ‘(y) is countable. 
If X has a nontrivial ergodic measure on its composants, so does Y. 
Proof. We shall show that the inverse image of each composant of Y is the union 
of a countable number of composants of X. The theorem will then follow from the 
previous theorem. 
Let y be a point of Y, and let C be the composant of Y containing y. Let 
{Xl,XZ,.* .} denote the components of f’(y), and let Ci denote the composant of 
X containing Xi. We must show f’( C) = U C,. 
To show f (C,) 3 C, let K be a proper subcontinuum of Y containing y. Since f 
is confluent, there exists a proper subcontinuum k of X such that f(k) = K and 
I? n X, # 0. Hence K c f(C,). Therefore, Cc f(C,). 
To show that f( C,) c C, note that because the image of a proper subcontinuum 
of X is a proper subcontinuum of Y, it follows that the image of a composant of 
X is a subset of a composant of Y. •i 
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Theorem 6.4. If f: X + Y is a monotone, surjective map between indecomposable 
continua, then the inverse image of a composant of Y is a composant of X. 
Proof. Each fiberf’(y) off is a prober subcontinuum of X. Hence f is irreducible. 
Hence the theorem follows from the proof of the previous theorem. Cl 
Theorem 6.5. Let f: X + Y be a Bore1 surjection between indecomposable continua 
such that f’ (composant of Y) is exactly one composant of X. If Y satisfies condition 
(7c), so does X. 
Proof. If Y is a countable family of Bore1 sets such that the composants of Y are 
separated by Sq then f ‘(9) is such a family for X. 0 
Corollary 6.6. If f: X -+ Y is a monotone surjective map between indecomposable 
continua, and if Y satisfies condition (7~) or (SC), so does X. 
Theorem 6.7. Letf: X + Ybe a continuous surjection between indecomposable continua 
such that the inverse image of each composant of Y is exactly one composant of X. 
Then X has a Bore1 transversal to its composants if and only if Y does. 
Proof. If B is a Bore1 transversal to the composants of X, then the restriction off 
to B is an injective Bore1 function and hence [ 13, p. 4891 f(B) is Bore1 in Y. 
It follows from [2, p. 2061 that there exists a Bore1 set T of X such that the 
intersection of T and any fiber f’(y) off is exactly one point. If g denotes the 
restriction of f to T, then g is an injective Bore1 function from T to Y. By [13, 
p. 4891, g is a Bore1 isomorphism. Hence, if B is a Bore1 transversal to the composants 
of Y, then g-‘(B) is a Bore1 transversal to the composants of X. 0 
Theorem 6.8. Let f be as in the previous theorem. Then X satisjes condition (13~) if 
and only if Y does. 
Theorem 6.9. If f: X + Y is a monotone, surjective map between indecomposable 
continua, then X has a Bore1 transversal to its composants if and only if Y does. 
A solenoid of pseudo-arcs is a circle-like continuum that admits a continuous 
decomposition into pseudo-arcs with the resulting quotient space being a solenoid. 
For each solenoid, there exists a unique solenoid of pseudo-arcs ([20] and [16]) 
which is homogeneous. 
Corollary 6.10. A solenoid of pseudo-arcs does not have a Bore1 transversal to its 
composan ts. 
7. Measure and Category 
Oxtoby [18] has written a book on the ‘duality’ between measure and category. 
The dual (for Baire sets) to a nontrivial ergodic measure on the composants of an 
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indecomposable continuum was first investigated in 1932 by Kuratowski and goes 
like this: 
A set K contained in a continuum has the Baire property if there exists an open 
set U such that ( U - K) u (K - U) is of first category. Each Bore1 set has the Baire 
property. 
Kuratowski [ 121 proved that if K is the union of some composants of the so-called 
simplest Knaster continuum and K has the Baire property, then either K or its 
complement is of first category. 
Kuratowski [12] asked if this is true of all indecomposable continua. Krasink- 
iewicz investigated this in [ 141. Emeryk [8] has shown this is true for the pseudo-arc, 
the solenoids, and the other Knaster continua. The answer for indecomposable 
continua in general is still unknown. 
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